Novel Branches of (0,2) Theories by Quigley, Callum et al.
June 13, 2012 EFI-12-09
Novel Branches of (0, 2) Theories
Callum Quigleya1, Savdeep Sethia2 and Mark Sternb3
aEnrico Fermi Institute, University of Chicago, Chicago, IL 60637, USA
bDepartment of Mathematics, Duke University, Durham, NC 27708, USA
Abstract
We show that recently proposed linear sigma models with torsion can be obtained
from unconventional branches of conventional gauge theories. This observation puts
models with log interactions on firm footing. If non-anomalous multiplets are inte-
grated out, the resulting low-energy theory involves log interactions of neutral fields.
For these cases, we find a sigma model geometry which is both non-toric and includes
brane sources. These are heterotic sigma models with branes. Surprisingly, there
are massive models with compact complex non-Ka¨hler target spaces, which include
brane/anti-brane sources. The simplest conformal models describe wrapped heterotic
NS5-branes. We present examples of both types.
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1 Introduction
Perturbative string theory involves the study of two-dimensional quantum field theory. A
large class of field theories are obtained from two-dimensional non-linear sigma models for
which there is a natural geometry given by the target space manifold. The aim of this
project is to consider new branches of linear sigma models with (0, 2) supersymmetry and
explore their associated geometries.
Our motivation is to understand a class of linear sigma models with torsion proposed
in [1, 2]. For earlier interesting work on torsional linear theories, see [3, 4]. The novelty of
these models is the inclusion of field-dependent Fayet-Iliopoulos (FI) couplings. The field-
dependence is via log interactions of scalar fields in a superpotential coupling of schematic
form:
S =
∫
d2x dθ+ log(Σ)Υ. (1.1)
Unlike four-dimensional N = 1 theories, a superpotential coupling in a (0, 2) theory is
fermionic. The field Σ is a conventional chiral superfield, while the Fermi superfield Υ
contains the complexified gauge-field strength: θ+ (F01 + iD). Again unlike in four dimen-
sions, supersymmetry pairs the topological theta-angle coupling appearing in (1.1) with
the D-term potential rather than with the gauge coupling. This is the primary reason an
interaction like (1.1) leads to a change in the sigma model geometry and to the appearance
of H-flux.
It is very reasonable to be concerned by the appearance of a non-polynomial interaction
like the logarithm of (1.1) in the definition of a theory. Whenever one sees log interactions,
it is natural to suspect that these interactions can be generated from a theory without
non-polynomial interactions by integrating out massive fields. For at least a sizable class of
models, we will show that this is indeed the case. This puts the existence of the quantum
theory with the logarithm on much firmer footing since these models naturally appear from
a conventional framework.
If the Σ field appearing in (1.1) is charged under an abelian gauge symmetry then
gauge invariance is broken at the classical level. This violation of gauge invariance can be
compensated by a one-loop quantum anomaly, giving an intrinsically quantum consistent
theory described in [1]. If the argument of the logarithm is gauge-invariant then the models
are classically consistent. With multiple abelian gauge fields, it is even possible to have
charged logarithms and still preserve classical gauge invariance using A-V couplings. Gauge
invariant models of this type first appeared in an interesting attempt to prove (2, 2) mirror
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symmetry [5].
Surprisingly, there are many interesting classically gauge-invariant intrinsically (0, 2)
models, even without A-V couplings. We will explore a class of such models in this work.
In terms of field theory dynamics, (0, 2) theories are highly reminiscent of four-dimensional
N = 1 gauge theories while (2, 2) theories are more akin to four-dimensionalN = 2 theories.
In (0, 2) theories, there are generically many branches in the moduli space aside from
a standard Higgs or Coulomb branch. The other branches involve directions in what is
traditionally viewed as the gauge bundle moduli space, but which can actually appear on
the same footing as the directions conventionally making up the sigma model geometry.
These unconventional branches, to be described below, are the home of compactifications
with both fluxes and branes.
1.1 The basic idea
To see how these branches arise, start with a conventional (2, 2) model viewed from a (0, 2)
perspective. Consider a (2, 2) U(1) vector multiplet. Viewed from a (0, 2) perspective, this
multiplet contains two gauge superfields (A, V−) and a chiral superfield Σ, whose super-
space expansions are given in Appendix A, along with our superspace conventions. This
vector multiplet can be obtained by dimensionally reducing an N = 1 four-dimensional
vector multiplet. The neutral chiral superfield Σ captures the two scalars that arise in this
reduction.
On the other hand, a (2, 2) chiral multiplet with charge Q decomposes into a pair (Φ,Γ)
of (0, 2) superfields consisting of a (0, 2) chiral multiplet Φ, and an almost chiral Fermi
multiplet Γ satisfying [6]
D¯+Γ =
√
2E. (1.2)
The lowest component of the superfield Φ is a complex scalar φ, while the lowest component
of Σ is a complex scalar σ.
For a Fermi superfield that comes from a (2, 2) multiplet, there is a prescribed relation
with E =
√
2QΣΦ. For general (0, 2) models, E can be a more interesting function of all
the chiral superfields and we will exploit this freedom. In fact, the E degree of freedom is
as rich as a conventional superpotential in terms of physics, but far less well-explored. To
see this, note that the total bosonic potential for a (0, 2) gauge theory takes the form
Vbos =
1
2e2
|D|2 + |J |2 + |E|2. (1.3)
There are two sets of holomorphic data entering (1.3), which are on equal footing. The first
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is the conventional superpotential, J , and the second is the choice of E.
Now consider an illustrative case. Take G = U(1) gauge theory coupled to n + 1 (2, 2)
chiral multiplets of charge Qi. We will distinguish the first n fields Φ
i from the (n + 1)
chiral field, which we denote P . In the absence of any superpotential, the classical target
space for this theory is a toric variety; for the case Qi = QP = 1, the space is Pn. From
the perspective of a (0, 2) model, there are two bosonic potentials. The first is the D-term
potential, ∑
i
Qi|φi|2 +QP |P |2 = r, (1.4)
where r is the FI parameter. The second is the potential associated to the left-movers Γi
given by |E|2.
Our immediate interest is in geometry rather than the left-moving gauge-bundle, so
we will not worry about the question of whether the left-movers define a (semi-)stable or
unstable bundle in the Higgs phase. We do, however, require vanishing of the one-loop
gauge anomaly for consistency of the theory; this is a quadratic condition on the charges.
Let us choose
EP = ΣP, Ei = 0. (1.5)
This is a (0, 2) preserving deformation of the (2, 2) model for which Ei =
√
2QiΣΦ
i. The
classical vacuum structure is found by solving (1.4) and the condition |EP |2 = 0.
Unlike the (2, 2) model where solving |E|2 = 0 implies σ = 0, there is now a classical
branch where (p = 0, σ 6= 0). In the (2, 2) model, there is a Coulomb branch where
(φi = p = 0, σ 6= 0), but it is not a classical zero energy branch except for the choice r = 0.
There are, however, vacuum solutions on this branch when one-loop effects are included [6].
The central role of the σ field and this Coulomb branch was originally realized in the large
n analysis of the (2, 2) Pn model [7]. Our new (0, 2) branch emanates from the usual Higgs
branch at a locus of complex co-dimension one.4 This is a kind of Higgs branch in which
a “bundle” direction, σ, has become part of the geometry! Such branches are generic in
(0, 2) models.
For large σ, we can include the leading quantum effect by integrating out the massive
field P giving a modified D-term,∑
i
Qi|φi|2 −N log |σ| = rˆ. (1.6)
4Ilarion Melnikov has amusingly termed these branches “horns” sticking out of the conventional Higgs
branch.
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The coefficient N = 1
2pi
QP , while rˆ is a renormalized FI parameter. This is a model of the
kind described in [1], but with a log interaction involving a neutral field. We see that at
least a class of those models arise as novel branches of more conventional (0, 2) theories.
1.2 Future directions and an outline
Our goal is to study geometries of this type. As we will see, there are both compact and non-
compact examples. It is natural to suspect that these models might be conformal for suitable
charges, and we will investigate that possibility. Clearly, there are many generalizations.
The examples considered here only involve neutral log interactions. Even in this setting, it is
interesting to understand how A-V couplings, described in [1], are generated by integrating
out fields in models with multiple U(1) factors.
All of these cases provide natural generalizations of toric geometry, and understanding
these geometries is going to be interesting. The example described in section 1.1 takes the
form of a weighted projective space with its Ka¨hler class fibered over the σ-plane. The point
σ = 0 is special since there is a new massless degrees of freedom; namely, the integrated
out p-field. This point will correspond to the brane source.
Perhaps the most exciting future direction is the case of quantum geometries where the
Σ field of (1.1) is charged. The classical geometries in these cases are not only non-toric
but not even complex! For example, non-complex spheres like S4 naturally emerge in the
simplest models. This strongly indicates the need to take into account new physics from
the light anomalous chiral fermions. Otherwise, it would appear that supersymmetry is
broken.
It is very natural to ask whether these quantum theories can also be found as branches
of conventional (0, 2) gauge theories. This indeed appears to be true and comes about as
follows: in the example of section 1.1, the scalar p -field becomes massive on the new branch
along with a gauge non-anomalous combination of left and right-moving fermions. All these
fields are integrated out leaving a gauge-invariant model. However, this model is still too
closely wedded to its (2, 2) origins. There is no reason to consider E-couplings which include
just a neutral chiral superfield Σ. One could just as well consider the following E-coupling
for a Fermi field Γ,
E = Σ1Σ2, (1.7)
where both Σ1 and Σ2 are charged. Suppose Σ1 6= 0 so Σ2 masses up. Necessarily, the
associated combination of massed up left and right-moving fermions is now gauge anoma-
lous. We expect a pion-like coupling involving log(Σ1) which reproduces the anomaly of
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these massive fermions, together with additional quantum corrections. This should be the
right framework to determine the low-energy description of the quantum compactifications
described in [1]. This direction, which requires more subtle computations, is currently being
explored [8].
Our paper is organized as follows: in section 2, we describe the basic setup and the
conditions that must be satisfied by the metric, flux and dilaton if they are to describe a
heterotic string vacuum. In section 3, we construct the perturbative infra-red (IR) geometry
and fluxes for the unconventional branches of the (0, 2) gauged linear sigma model (GLSM).
We describe the obstructions to conformality by studying the leading quantum corrections
in the GLSM. The resulting condition for a conformal model is very much in accord with
our expectations from the IR geometry.
Section 4 contains a collection of examples including massive compact geometries con-
structed with branes and anti-branes. These are complex non-Ka¨hler spaces. For example,
S5×S1 emerges from our construction as a nice smooth case. We also present non-compact
conformal models which describe wrapped NS5-branes. Lastly, we discuss some obstruc-
tions to building compact conformal models via complete intersections.
2 Preliminaries
Let us begin by assembling some facts about the structure of the world-sheet solutions and
the constraints on heterotic space-time solutions. Our superspace and superfield conven-
tions can be found in Appendix A.
2.1 The gauge group action
Consider a G = U(1)r abelian gauge theory. Coupled to these gauge fields are n chiral
superfields Φi with charges Qai . The bosonic lowest components of Φ
i are denoted φi.
Under a gauge transformation with parameters Λa,
Φi → eiΛaQai Φi. (2.1)
The gauge fields are arranged into gauge superfields Aa and V a− with a = 1, . . . r. The
corresponding field strength is a fermonic superfield Υa. We will also include a set of m
neutral chiral fields Σα. We will restrict our attention to a single Σ field in constructing
examples, but let us keep the number general for this preliminary discussion. The novelty
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in the construction of the theory is to consider superpotential interactions,
Slog =
i
4
∫
d2xdθ+ Naα log(Σ
α)Υa + c.c., (2.2)
which modify both the D-term constraints and introduce H-flux into the resulting geome-
tries.5 There can also be gauge-invariant non-logarithmic couplings in (2.2), but we will
focus on the log case.
We will assume 2piNaα ∈ Z. This quantization condition is certainly consistent with
models where the logs are obtained by integrating out charged fields as described in sec-
tion 1.1; it might be possible to relax this condition for models which are not obtained from
this UV completion. There is a D-term constraint for each gauge factor,∑
i
Qai |φi|2 −Naα log |σα| = ra. (2.3)
The solution of the D-term constraints is a surface Wr,Q,N ⊂ Cn+m. The geometric moduli
space is the further quotient by the global gauge group
Xr,Q,N = Wr,Q,N/G. (2.4)
The basic defining data are the charges Qai , the integers N
a
α, and the FI parameters r
a. We
will assume integral Qai .
Unlike the models discussed [1], here the Σ fields are neutral. This means that the action
is gauge invariant and there is no need to introduce A-V couplings or quantum anomalies
to restore gauge invariance. This allows us to explore the essential features of theories with
log interactions without many of the complications that arise when the Σ fields are charged.
If all Naα = 0, this combinatorial data describes a toric variety constructed via symplectic
reduction in the following way: consider the algebraic torus (C∗)n acting on Φ by
Φi → λiΦi, (λ1, . . . λn) ∈ (C∗)n . (2.5)
The quotient by G removes the compact part of a (C∗)r action specified by the charges
Qai and the action (2.1). If all N
a
α = 0 then we can find a unique solution to the D-
term constraints (2.3) in the orbit of the (C∗)r action acting on any sufficiently generic
choice of Φi. This fixes the scaling symmetry in (C∗)r. We can therefore view solving the
D-term constraints (which determine W ) and quotienting by G (which determines X) as
gauge-fixing (C∗)r. The moduli space is a toric variety characterized by a fan.
5For convenience, we are changing the original sign convention of [1]. With this new sign convention,
brane-like solutions correspond to positive N while anti-brane-like solutions correspond to negative N .
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If all Naα are not zero then the D-term constraint can have multiple solutions. The
resulting space cannot be viewed as gauge-fixing a (C∗)r action. Rather, the existence of
multiple solutions changes the topology of the space. For example, non-toric spheres can
appear. Inclusion of the log interactions provides a very natural generalization of toric
geometry.
2.2 The (0, 2) metric and flux
We expect classically gauge invariant models derived from (0, 2) superspace to have complex
target manifolds. The metric G for the target manifold determines a (1, 1) fundamental
form J via
Jij¯ = iGij¯. (2.6)
In turn, the fundamental form determines the torsion via
H = i(∂¯ − ∂)J. (2.7)
The Hodge decomposition of H contains no (3, 0) or (0, 3) components as a consequence of
(0, 2) supersymmetry. These constraints are automatically satisfied for models constructed
in (0, 2) superspace. Let us ignore the left-moving Fermi degrees of freedom, and focus on
the geometry and flux. The superspace Lagrangian for a non-linear sigma model takes the
form
L = − i
4
∫
d2θ+
(
Ki(Φ, Φ¯)∂−Φi −Kı¯(Φ, Φ¯)∂−Φı¯
)
. (2.8)
The defining data is a (1, 0) form K = Kidφ
i with complex conjugate K∗ = Kı¯dφı¯. The
1-form K is the analogue of the Ka¨hler potential found in (2, 2) theories. The target space
fields are determined by K,
Gi¯ = K(i,¯) and Bi¯ = K[i,¯]. (2.9)
The (0, 2) analogue of a Ka¨hler transformation is
K(Φ, Φ¯)→ K(Φ, Φ¯) +K ′(Φ) (2.10)
where K ′(Φ) is any holomorphic (1, 0)-form. These transformations leave the physical
couplings of (2.9) invariant. Furthermore, a shift in K of the form
K → K + i ∂U, (2.11)
for any real-valued function U , amounts to a B-field transformation δB = i∂∂¯U . This shifts
the Lagrangian (2.8) by a total derivative, and therefore is also a symmetry of the action.
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2.3 Conditions for a space-time supersymmetric solution
Most (0, 2) sigma models are not conformal and will not provide solutions to the heterotic
space-time equations of motion. The heterotic conditions for a space-time supersymmetric
solution were derived from supergravity in [9], and considered from a pure spinor perspective
in [10]. We would like to understand the local conditions on K required for a space-
time solution with Minkowski space-time. In a perturbative α′ expansion, there are no
four-dimensional solutions of de Sitter or anti-de Sitter type, with or without space-time
supersymmetry [11,12].
For Ka¨hler metrics, the condition for a supersymmetric Minkowski solution is Ricci-
flatness and requires solving a Monge-Ampe`re equation,
∂∂¯ log det (G) = 0, (2.12)
for the target space metric G expressed in holomorphic coordinates. For backgrounds with
NS-flux, the conditions are more involved because of the H-field and associated varying
dilaton. For (2, 2) models with flux and varying dilaton, a generalized Monge-Ampe`re
equation constraining the generalized (2, 2) Ka¨hler potential (which includes semi-chiral
fields) was described in [13].
In this analysis, we are considering (0, 2) models which are classically gauge-invariant.
Cancellation of the one-loop gauge anomaly between the left and right-moving sectors
implies that the Bianchi identity for H is trivial at leading order in α′,
dH = 0 +O(α′). (2.13)
The non-closed components of H are O(α′); if the curvature scale of G is small, we should
therefore find consistent solutions to the space-time equations of motion at the level of
heterotic supergravity. We note that our metrics and fluxes should satisfy:
RMN + 2∇M∇Nϕ− 1
4
HMABHN
AB = O(α′), (2.14)
d
(
e−2ϕ ? H
)
= O(α′2), (2.15)
∇2ϕ− 2∇Mϕ∇Mϕ+ 1
2
|H|2 = O(α′), (2.16)
where ϕ is the string dilaton.6 In addition to the equations of motion, we expect space-
time supersymmetry to be unbroken by the metric, flux and dilaton. It might be broken
6We have assumed that we are in the critical dimension for the heterotic string. Otherwise, the dilaton
equation of motion would have an additional term proportional to the central charge of the theory.
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by the choice of gauge bundle but that is an effect higher order in α′. Ignoring the gaugino
constraint, space-time supersymmetry requires the existence of a Killing spinor  satisfying
δΨM =
(
∇M − 1
4
HM
)
 = 0, (2.17)
δλ =
(
/∂ϕ− 1
2
/H
)
 = 0. (2.18)
The first condition (2.17) requires SU(n) structure for a complex n-dimensional target man-
ifold. This implies the existence of a nowhere vanishing holomorphic top form Ω satisfying
d
(
e−2ϕΩ
)
= 0. (2.19)
Note that condition (2.7) is automatically satisfied for any model with (0, 2) supersymmetry.
Space-time supersymmetry also implies a constraint on J :
d
(
e−2ϕJn−1
)
= 0. (2.20)
2.3.1 An alternative characterization
The constraints on the geometry, flux and dilaton of a (0, 2) solution can be elegantly
encoded in properties of the torsionful connection
Ω
(−)
M = ΩM −
1
2
HM , (2.21)
with ΩM the usual spin connection; see, for example, Appendix A of [14] or [15]. Note that
the torsionful affine connection contains a relative sign:
Γ
(±)P
MN = e
P
A
(
∂Me
A
N + e
B
NΩ
(±)A
M B
)
= ΓPMN ∓
1
2
HPMN . (2.22)
The two Killing spinor equations (2.17) and (2.18) imply the existence of an integrable
complex structure that is covariantly constant with respect to Ω(−). A Hermitian manifold
satisfying this property is called Ka¨hler with torsion (KT). Covariant constancy of the
complex structure implies the constraint (2.7), which can be re-written as follows,
Γ
(−)k
i¯ = Γ
(−)k
ı¯¯ = 0, (2.23)
so that Ω(−) has U(n) holonomy. The gravitino equation (2.17) implies that the holonomy
of Ω(−) is actually in SU(n) rather than U(n). This holds iff R(−) = dω(−) = 0, where
ω
(−)
i = iΓ
(−)j
ij − iΓ(−)¯i¯ = 2iGjk¯∂jGik¯ − iGjk¯∂iGjk¯ (2.24)
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is the connection on the canonical bundle induced by Ω(−). This is a natural torsional
generalization of a Calabi-Yau space. Condition (2.23), which is a rewriting of (2.7), follows
automatically from (0, 2) superspace whether the model is conformal or not. Imposing
conformal invariance requires SU(n) structure.
To solve the dilaton supersymmetry constraint (2.18), it is useful to introduce the Lee
form of a KT manifold defined by,
ξ = −2i∂¯†J, (2.25)
where ∂¯† is the adjoint of ∂¯.7 The components of ξ are determined in terms of G,
ξi = iHijk¯J
jk¯ = Gjk¯
(
∂iGjk¯ − ∂jGik¯
)
. (2.26)
In terms of the Lee form, the dilatino equation (2.18) becomes,
ξ = 2∂ϕ, (2.27)
with ϕ real. KT manifolds with exact Lee forms are conformally balanced. An explicit
check that conformally balanced KT manifolds with SU(n) structure solve the supergravity
equations (2.14) can be found [15].
One might ask under what conditions SU(n) structure implies a solution of the dilaton
constraint. To relate the two constraints, note that
ω(−) = i(∂ − ∂¯) log detG− 2iξ + 2iξ¯. (2.28)
The condition of SU(n) structure then requires,
∂ξ − ∂¯ξ¯ + ∂¯ξ − ∂ξ¯ + ∂∂¯ log detG = 0. (2.29)
This condition is the generalization of the Monge-Ampe`re equation (2.12) to KT manifolds.
Following [9], we can examine the (0, 2) part of this equation which implies
∂¯ξ¯ = 0. (2.30)
At least on a space with h(0,1) = 0, we can conclude that ξ¯ = 2∂¯ϕ for some complex ϕ.
It remains to show that ϕ can be chosen real. It is not unreasonable to expect this to be
7There is a factor of 2 in (2.25) because the Lee form appears in the modification of the Ka¨hler identities
for a non-Ka¨hler space. See page 307 of [16].
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true in fairly general circumstances for compact manifolds.8 Our examples will be both
non-compact and non-simply-connected so we will need to examine what can be said about
the Lee form in each case.
When (2.27) is satisfied with a real ϕ, we can rewrite the generalized Monge-Ampe`re
equation (2.29) as follows:
∂∂¯ log
(
e−4ϕ detG
)
= 0. (2.31)
In summary, a KT manifold with SU(n) structure and a (de Rham) exact Lee form provides
a supersymmetric heterotic string solution.
3 Non-Linear Geometries from Linear Models
We are going to construct metrics and fluxes for a non-linear sigma model starting from
a (0, 2) GLSM. The procedure we will follow is to ignore the gauge kinetic terms (which
formally vanish in the infra-red limit) and integrate out the abelian gauge-fields. The
result is a non-linear sigma model determined by a metric and flux. Consider a model with
field-dependent FI-terms,
i
4
∫
d2xdθ+Na log(Σ)Υa + c.c., (3.1)
as motivated in the introduction and section 2. It is natural to define the field-dependent
variables,
Ra(σ) = ra +Na log |σ|, Θa(σ) = NaIm log σ − θ
a
2pi
, (3.2)
which include possible constant FI parameters (ra, θa). We use T a to denote the complexi-
fied total FI parameter:
T a = ta + iNa log σ = iRa −Θa; ta = ira + θ
a
2pi
. (3.3)
The most effective way to determine the induced metric and flux is to first find the
induced K in superspace. The V a− superfields only appear as Lagrange multipliers that
8It might be possible to show this for compact spaces with h(0,1) = 0 by modifying the argument of [9],
where a simply-connected space is assumed. There are two complications that need to be addressed. First:
on a non-Ka¨hler space,
∑
p+q=n h
p,q ≥ bn (see, for example [17]) so simply-connected is not sufficient to
guarantee exactness of the Lee form; however, assuming h(0,1) = 0 is good enough for ∂¯ triviality. The
second complication is that the ∂ and ∂¯ Laplacians differ by linear differential operators that depend
on ξ (see [16]). This complicates the original proof of [9] that Im(ϕ) is constant on a compact space.
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enforce the superfield constraints,∑
i
Qai |Φi|2e2Q
b
iA
b
= Ra(Σ). (3.4)
The constraint (3.4) determines the superfields Aa implicitly in terms of (Φ, Φ¯) and R(Σ).
We will use the notation Aa for both the lowest scalar component of the superfield as well
as the superfield itself. Hopefully, the usage is clear from context. Equation (3.4) is a
generic polynomial in e2Aa so we can only find explicit solutions for Aa for simple charge
assignments. However, we can get surprisingly far just knowing that (3.4) is satisfied.
The first thing to notice is that the Aa are not globally defined functions, but are sections
of some set of line bundles La over the target space. To see this, consider a simple case
with G = U(1). In a patch U(α) where φ
α 6= 0, we can define gauge-invariant coordinates
Zi(α) =
(
φi
)
(φα)−Qi/Qα . (3.5)
On the intersection U(α) ∩ U(β), the coordinates then transform as follows:
Zi(α) = Z
i
(β)
(
Zα(β)
)−Qi/Qα . (3.6)
However, since the right hand side of (3.4) is invariant, it follows that
A(α) = A(β) +
1
Qα
log
∣∣Zα(β)∣∣ , (3.7)
so A is not globally defined. However, note that ∂A behaves like a connection on La, while
the curvature two-form ∂∂¯A is globally defined. All of these quantities will play a role in
the following discussion.
We can express K in terms of the Aa = Aa(|Φ|2, R) superfields,
Ki = Φ¯
ie2Q
a
iA
a − 2iΘa∂iAa, Kσ = σ¯ − 2iΘa∂σAa. (3.8)
Differentiating (3.4) yields the useful relations
∂iA
a = −φ¯i∆abQai e2Q
c
iA
c
, ∂σA
a = ∆ab∂σR
b, (3.9)
where we introduce the quantity
∆ab =
∂Ab
∂Ra
=
(
2
∑
i
QaiQ
b
i |φi|2e2Q
c
iA
c
)−1
. (3.10)
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We follow the convention that φ¯i ≡ δi¯φ¯¯, φ¯ ≡ δi¯φi. These relations allow us to determine
the induced sigma model metric
Gi¯ = e
2QciA
c (
δi¯ − 2φ¯iφ¯Qai∆abQbje2Q
c
jA
c)
, Gσσ¯ = 1 +
Na∆abN b
2|σ|2 , (3.11)
and B-field
B = −2iΘa∂∂¯Aa. (3.12)
One should not worry too much about the detailed form of these solutions because they
will be modified under RG flow; however, we do expect the RG flow to preserve the coarse,
topological features.
As one of these features, note that the metrics take the form of a warped product over
the σ-plane, with no off-diagonal mixing between the fiber and base. In addition, the B-
field roughly takes the form ΘaF a where F a ∼ i∂∂¯Aa is the curvature of the line bundle
La. Even though the F a are closed, the field-dependence of Θa means that B is not closed,
and there is a non-zero flux H ∼ dΘa ∧ F a. In particular, the components of H are
Hiσσ¯ = −i (∂σΘa∂iσ¯Aa − ∂σ¯Θa∂iσAa) , Hiσ¯ = −i∂σΘa∂ij¯Aa, (3.13)
which requires use of the relation ∂i¯A
a = −1
2
∂RaGi¯. It is natural to identify
Jai¯(R) = i∂RaGi¯, (3.14)
with the generators of H2 for the toric fiber.
3.1 Obstructions to conformality
The geometric data one obtains directly from a GLSM construction almost never gives
SU(n) structure on the nose. It is reasonable to assume that as long as the cohomology
class
[R(−)] is trivial, the metric will flow to the one with SU(n) structure in the IR. Similar
reasoning is used in the standard Calabi-Yau case. As we saw in section 2.3.1, once we have
a metric with R(−) = 0 the associated fundamental form J determines the H-flux as well
as the Lee form ξ which, if exact, fixes the dilaton.
We therefore expect a (0, 2) sigma model to define heterotic string background if the
class
[R(−)] is trivial. The GLSM provides a choice of coordinates on the target space.
From the induced couplings given in (3.11) and (3.12), we can determine the components
of the induced Lee form in these distinguished coordinates,
ξi = ∂i logGσσ¯, ξσ = ∂σ log detGi¯. (3.15)
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Now Gσσ¯ is a globally defined object, but Gi¯ is not. This observation combined with the
form of ω(−) given in (2.28) implies a single obstruction; namely, that
∂∂¯ log detGi¯ (3.16)
be a trivial class. Equivalently, the original Monge-Ampe`re equation (2.12) for the fiber
metric should be satisfied at the level of cohomology. However, this is just the familiar
requirement that the toric fibers have vanishing first Chern class, or in terms of GLSM data
that
∑
iQ
a
i = 0. We provide a proof of this fact in Appendix B in order to demonstrate that
this familiar result continues to hold even for this more general class of non-Ka¨hler solutions.
We should stress that this condition on the charges is for the residual theory obtained after
integrating out (P,ΓP ) multiplets as described in the introduction 1.1. We will construct
some non-compact conformal examples satisfying this constraint in section 4.3.
We should be a little careful about the claims of the previous paragraphs. Although it
sounds very reasonable, it has not yet been proven that the triviality of
[R(−)] implies the
existence of an SU(n) structure metric. An analogue of Yau’s proof of the Calabi conjecture
for KT manifolds is needed to show that vanishing of the cohomological obstruction is
sufficient. This kind of result is a little less interesting for (0, 2) models compared with
(2, 2) models because we expect “most” compact KT metrics to involve small volumes of
order the string scale, like the solutions of [18, 19].
Actually, the metric and flux for a conformal model with a large volume limit will not
satisfy just the supergravity equations of motion, but the equations of motion including
α′ corrections. What is really needed for these theories is a statement about RG flow
that generalizes the analysis of [20] to (0, 2) models. This would involve a classification of
the cohomological obstructions that could appear under renormalization. Again for most
compact models, an analysis that goes beyond α′ perturbation theory is desirable.
The last issue is whether the dilaton equation can be solved. We must ensure that
the Lee form is exact with a real potential. This is non-trivial to see starting with GLSM
data. The GLSM expression for the induced Lee form given in (3.15) is not even closed.
However, the form is completely determined by the metric. Under RG flow, we expect the
metric to flow to one appropriate for a conformal field theory and the IR Lee form should
be determined by that metric. The GLSM Lee form is not exact but it is given by gradients
of real functions. In the simplest conformal model, we will give evidence that the Lee form
actually becomes exact with a real potential by studying the large QP limit.
We also note that the GLSM expression (3.15) has no components proportional to
d Im (log σ) which generates H1 for our examples. It seems plausible that RG flow will
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not produce a component non-trivial in cohomology, but a sharp argument is desirable. It
is worth contrasting this situation with the well-studied S3 × S1 SCFT, where solutions
with SU(2) structure exist, but the Lee form is not exact with a component along the
S1 direction. These theories do not define good string backgrounds unless S1 is replaced
with R trivializing the Lee form. The result is the NS5-brane background. We present the
details of this example in Appendix C.
3.2 Quantum corrections
In the introduction, we explained how a theory with log couplings can arise from a standard
GLSM. Let us now study how this happens in greater detail. The idea is to use E-couplings
to generate a mass for a chiral and Fermi superfield pair (P,ΓP ), along a branch where
〈σ〉 6= 0. Since we wish to assign canonical dimension 0 to Σ, we must introduce a mass
scale for the E-coupling. In a (2, 2) theory, Σ is part of the vector multiplet so this scale
would naturally be set by the two-dimensional gauge coupling e. However, in a (0, 2) theory
we are free to introduce another mass scale, which we call m0. Then the E-couplings we
want to consider are
EP = m0ΣP, Ei = 0. (3.17)
When σ 6= 0, the scalar field p (along with its right-moving fermionic superpartner ψP and
the left-moving fermion γP ) becomes massive with a mass m = m0|σ|. Below the scale m,
we should integrate out the superfields P and ΓP which generates the field-dependent FI
couplings (3.1), where Na =
QaP
2pi
. In particular, the bare FI parameters get modified as
follows,
ra0 → ra +Na log |σ|, (3.18)
where ra = ra0 + N
a log(m0/Λ) is the renormalized FI parameter and Λ is a UV cutoff
scale [6, 21].
In addition to these FI couplings, integrating out (P,ΓP ) also modifies the kinetic terms
of the vector multiplet:
LD,F = 1
2
(
δab
e2a
+ 2pi
NaN b
m2
+ . . .
)(
DaDb + F a01F
b
01
)
, (3.19)
where the ellipses denote terms that are more suppressed than O(1/m2). This is a standard
computation that can be found, for example, in [22]. In the IR limit where we send
e2a,m
2
0 → ∞, we see that the these kinetic terms decouple provided σ is not too small.
In actuality, since we are discussing a quantum mechanical theory in two dimensions, there
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is no well-defined expectation value for σ. Rather there is a branch with |σ| 6= 0 which can
be studied in a Born-Oppenheimer approximation as long as |σ| is sufficiently large.
In the approximation where we neglect the kinetic terms (3.19), Da and Aaµ act as
Lagrange multipliers. The constraint of sufficiently large σ should not be too surprising
since it just means we are in a regime where we can trust integrating out (P,ΓP ) at one-
loop. Near σ = 0, there can be large quantum corrections but we will still be able to study
the basic features of our solutions near this point.
There is one more quantum correction induced by integrating out (P,ΓP ), which is a
correction to the Σ kinetic terms. In the large m0 limit,
Lσ =
(
1 +
1
8pi|σ|2 + . . .
)
|dσ|2, (3.20)
with additional corrections suppressed by 1/m20. Again, this is only reliable away from
σ = 0. This correction has an important effect since the induced sigma-model metric is
significantly modified:
Gσσ¯ = 1 +
1
2|σ|2
(
1
4pi
+Na∆abN b
)
. (3.21)
Finally, since we are considering the theory below the scale m, we should also integrate
out the high-energy modes of the rest of the fields. As in the usual case, the main effect
of this integration is to modify the FI parameters in a way determined by the sum of the
charges. Our previous expression for the FI parameters (3.18) becomes
ra +Na log |σ|+ 1
2pi
(∑
i
Qai
)
log
(µ
Λ
)
, (3.22)
where µ is some IR cutoff scale that we need to introduce since the fields φi are massless.
In this Wilsonian effective action, no further σ-dependent corrections are possible because
the FI couplings are controlled by holomorphy. In particular, when
∑
iQ
a
i = 0 the FI
parameters do not run below the scale m and the theory can flow to a non-trivial conformal
point. It is reassuring to see the same condition we found in section 3.1 for the low-energy
sigma-model also emerges here from RG flow of the GLSM.
To summarize, the picture we find goes as follows: far above the scale m0, we have a
standard GLSM with chiral fields (Φi, P,Σ) with charges (Qai , Q
a
P , 0). The FI parameters
run according to QaP +
∑
iQ
a
i . As we run down to the scale m0, we integrate out P
which generates the couplings (3.1) as well as the corrections to the σ kinetic terms given
in (3.20). Below the scale m0, we have a GLSM with log interactions and the running of
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the FI parameters is controlled by
∑
iQ
a
i . When the sum of these charges vanishes, r
a does
not run and the theory can flow to a conformal fixed point.
In the deep IR, the theory flows to a conformal sigma-model whose target is a toric
space fibered over the σ-plane. The sizes of various two-cycles in the fibers are controlled
by the field-dependent quantities Ra = ra + Na log |σ|. In general, one combination of the
ra parameters can always be absorbed into the zero-mode of σ, along with its corresponding
θa. In this sense, the log interactions remove moduli from the sigma model.
When all Ra are large, the non-linear sigma model geometry should provide a reliable
guide to the physics. However, in general there will be regions where some or all of the
Ra become small, or even negative. In these regions, one expects another description
(like an orbifold SCFT) to be the appropriate description. The correct description can,
nevertheless, be determined from the GLSM starting point. This is very much like the
phase structure of [6], but with some of the FI parameters promoted to dynamical fields.
In some regions, the description is geometric while in others non-geometric. The entire
structure glues together to form a single quantum field theory.
4 Examples
4.1 A non-compact massive model
The case with multiple U(1) factors can become complicated quickly. Our strategy will be
to search for examples of interesting spaces with the number of U(1) factors small. The
first interesting case involves just a single U(1) factor. This is a case which should allow us
to isolate the essential physics that differentiates these models from conventional branches
of (0, 2) theories.
Let us begin in the UV with a collection of n+ 1 charge +1 chiral fields Φi, along with
our distinguished field P with a charge QP that can be positive or negative. In the positive
case, the conventional (0, 2) Higgs branch is a weighted projective space. In the negative
case, the Higgs branch is the total space of a line bundle over projective space.
Now imagine moving to the branch in which the Σ field becomes massless while P
masses up, as described in section 3.2. The D-term constraint on this branch is given by,
n+1∑
i=1
|φi|2 = R(σ) = r +N log |σ| (4.1)
where N = 1
2pi
QP . The space looks like projective space Pn (parameterized by the φi)
fibered over the σ-plane. The allowed range of σ is fixed by the positivity of R, and it
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Figure 1: A sketch of the brane geometry in the massive (0, 2) model.
depends on the sign of N ,
|σ| ∈
{
(e−r/N ,∞), N > 0
(0, er/|N |), N < 0
(4.2)
Interestingly, the effective description is always valid for N > 0 since |σ| is bounded away
from 0, but the N < 0 models can access that region (corresponding to R → ∞) where
there are large quantum corrections. We will therefore focus on the case N > 0. It will
turn out to be natural to work with the complex variable
T = iR−Θ = t+ iN log σ (4.3)
rather than σ. Note that T has periodicity T ' T + 2piN .
Since
∑
iQi = n + 1, we already know that the theory has a mass gap.
9 Nevertheless,
many of the key features that show up in all models with log interactions appear in this
9Actually, we should be more careful about whether there is really a mass gap if the E-couplings are
set to zero. It is possible that the left-moving fermions with E = 0 flow to a chiral current algebra in the
IR. This happens, for example, for the Schwinger model with flavors. We wish to thank Ilarion Melnikov
for explaining this possibility. Here we focus on whether the right-moving sector, which characterizes the
geometry, flows to a SCFT. Whether this is possible depends on the sum of the U(1) charges.
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example. This class is particularly nice since A, solving (3.4), has a very simple form
A =
1
2
log
(
R
|φi|2
)
, (4.4)
which allows us to determine ∆ = ∂RA =
1
2R
. Plugging these expressions into (3.11)-(3.13),
and including the quantum correction (3.21), we find the induced metric and B-field
ds2 = RgFS(φ) +
(
e2(R−r)/N + 1/8pi
N2
+
1
4R
)
|dT |2, (4.5)
B = Θ
(
JFS(φ) + i
dT ∧ dT¯
4R2
)
, (4.6)
where gFS and JFS are the Fubini-Study metric and Ka¨hler form on Pn. Notice that the
radius of the Θ circle diverges at the boundaries R = 0 and R→∞, but never vanishes in
the interior. In particular, the size of S1Θ does not vanish.
The fundamental two-form and flux of the total space are,
J = RJFS(φ) + i
(
e2(R−r)/N + 1/8pi
N2
+
1
4R
)
dT ∧ dT¯ , (4.7)
H = dΘ ∧ JFS(φ), (4.8)
and, as a consistency check, it is easy to see that these satisfy the SUSY relation:
H = dB = i(∂¯ − ∂)J. (4.9)
Notice that near R = 0, the Pn fiber is shrinking to zero size. In particular the two-cycle
class C, dual the Ka¨hler form JFS, is pinching off. This trivializes C in the total space. Even
though C is trivial in homology, when we integrate H over C ×S1Θ we get a non-zero result:∫
C×S1Θ
H = 2piN = QP , (4.10)
at any value of R. This indicates that there is a collection of QP NS-brane sources located
at R = 0. In fact, we can use this structure as the definition of NS-branes in massive (0, 2)
theories. We have depicted these geometries in figure 1.
Note that we expect new physics to become important at R = 0 since, according to the
D-term constraint (4.1), all the φi = 0. This point is therefore a Coulomb branch since all
charged fields vanish, but the physics at this point can still be gapped if there is a non-zero
theta-angle, much like the conventional Coulomb branches of (2, 2) theories [23, 6]. To get
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a better understanding of what is happening near this Coulomb point, we write the metric
near R = 0 as
ds2 = RgFS(φ) +
|dT |2
4R
. (4.11)
We could also obtain this metric from (4.5) by taking N →∞. Notice that the FI parameter
r no longer appears in the metric, so the metric and B-field have no tunable moduli in this
limit. This “near-horizon” metric has a few interesting equivalent forms. First by writing
R = eU , we find
ds2 = eU
(
gFS(φ) +
1
4
ds2PD
)
, (4.12)
where ds2PD = dU
2 + e−2UdΘ2 is the metric on the Poincare´ punctured disk. So this space
is conformal to a product of two symmetric spaces.
Another equivalent form is as a cone over Pn × S1, though in a peculiar way. Letting
R = R˜2 gives
ds2 = dR˜2 + R˜2gFS(φ) +
dΘ2
4R˜2
. (4.13)
The radius of the S1 goes to zero as R˜ → ∞ but blows up at the origin, while the size of
Pn varies in the opposite way. Furthermore, the shrinking Pn leads to a conical singularity
at the origin.10
To further explore the nature of this singularity, we can perform a T-duality along the Θ
direction. It helps to first extract the factor of N from Θ so that it has canonical periodicity
2pi. The T -dual space then turns out to be the orbifold Cn+1/ZQP , with metric
d˜s
2
= dR˜2 + R˜2gFS(φ) +
4R˜2
N2
∣∣∣dΘ˜2 −NA(φ)∣∣∣2 , (4.14)
where dA = JFS and Θ˜ is the coordinate of the dual circle. This orbifold can be viewed as
a cone over an S1 bundle over Pn, where the twist charge of this fibration precisely matches
the NS-brane charge QP = 2piN in the original space. The dual space does not contain any
H-flux.
This picture is in agreement with the basic duality relating NS5-branes with A-type
ALE-spaces. Indeed the precise field theory to which these models flow will depend strongly
on the choice of left-moving sector. In particular, whether instantons are localized at the
orbifold point.
10The exception is the case n = 1 where we find a collapsing P1 ∼= S2 and R˜ = 0 is a smooth point in R3.
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Figure 2: A sketch of S5 × S1 constructed by gluing together branes and anti-branes.
4.2 A compact massive model
It should be clear from the previous example that a model with log interactions and a single
U(1) gauge group will always be non-compact, since nothing prevents R → ∞. An easy
way to get compact models of this type is to include a second gauge group, and choose
D-terms so that σ is bounded. As a nice class of examples, consider two sets of chiral fields:
n+ 1 chirals Φi with charges (1, 0) and m+ 1 chirals Φ˜k with charges (0, 1). As before, we
integrate out a field P to generate the log interactions, but now with charges (QP ,−QP )
under the two gauge groups. For definiteness, let us assume QP , and hence N , is positive.
This leads to the following set of D-term equations:∑
i
|φi|2 = r1 +N log |σ|, (4.15)∑
k
|φ˜k|2 = r2 −N log |σ|. (4.16)
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After quotienting by U(1)2, the solution space takes the form Pn × Pm fibered over the
σ-plane, except now the range of σ is bounded:
e−r
1/N ≤ |σ| ≤ er2/N . (4.17)
Notice that |σ| is always bounded away from 0. In fact, |σ| can be made large by tuning
(r1, r2) which makes the inclusion of just the leading one-loop quantum corrections quite
reliable. One of the two projective spaces collapses at each of the |σ| boundaries resulting
in a conical singularity and a Coulomb branch for the relevant U(1). Only for the case
n = m = 1 is the total space smooth. For this special case, the P1 × P1 fibration over the
σ-plane is actually S5×S1 with the S1 factor corresponding to the Θ circle. Note that this
is a complex space!
Another useful way to think about these spaces is to take another combination of gauge
groups. Consider the U(1) diagonal in the original U(1)×U(1) group and its complement.
For these combinations, the D-term equations become∑
i
|φi|2 +
∑
k
|φ˜k|2 = 2r ≡ r1 + r2, (4.18)∑
i
|φi|2 −
∑
k
|φ˜k|2 = 2R ≡ r1 − r2 + 2N log |σ|, (4.19)
where the factors of 2 have been chosen for later convenience. Now we see that from the
original two FI parameters, only the sum 2r = r1 + r2 has any physical meaning; it fixes
the size of a Pn+m+1 inside the total space. The other combination of FI parameters just
gets absorbed into the variable R, which now takes values in the range [−r, r]. Similarly
for the θ-angles where 2θ = θ1 + θ2 measures the B-field threading the Pn+m+1, while
2Θ = 2NIm log σ + θ2 − θ1 parametrizes the free circle.
The metric and flux for this class of models is a straightforward generalization of the
previous cases:
ds2 = (r +R) gFS(φ) + (r −R) gFS(φ˜) +
(
e(2R−r
1+r2)/2N + 1/8pi
N2
+
r/2
r2 −R2
)
|dT |2, (4.20)
H = dΘ ∧
(
JFS(φ)− JFS(φ˜)
)
. (4.21)
Denoting the non-trivial two-cycle classes of Pn and Pm by C and C˜, we can again integrate
H to get finite results ∫
C×S1
H = +QP ,
∫
C˜×S1
H = −QP , (4.22)
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even though the classes C and C˜ are trivial in the total space. This indicates that these
spaces contain a stack of QP branes at R = −r and QP anti-brane sources at R = +r. These
spaces are basically two copies of the non-compact example of section 4.1 corresponding to
brane and anti-brane sources glued together to form a compact geometry. We have sketched
this geometry in figure 2.
4.3 Non-compact conformal models
We now turn to the construction of a class of conformal solutions. In this subsection, we
only consider cases with G = U(1). As in the preceding non-conformal examples, when
we focus on a rank one gauge group nothing bounds the value of R, so these models will
all be non-compact. While the arguments of section 3.1 give us confidence that we only
need to impose
∑
iQi = 0 to guarantee that the IR non-linear sigma model is conformal,
we have little hope of following the RG flow to determine the exact geometric data that
characterizes the IR solution. We do expect coarse features, like the NS-brane charge and
the topological structure of the metric, to remain invariant. We can study this data in
specific models.
The analysis also simplifies considerably if we examine a large charge limit. For a single
U(1) gauge group, the components of the induced Lee form are
ξσ = ∂σ log ∆, ξi = ∂i log
(
1 +
1/4pi +N2∆
2|σ|2
)
. (4.23)
This form is not exact, nor do we expect it to be exact in the UV; however, it has no
component along the arg(σ) direction so there is no immediate obstruction preventing flow
to something exact in the IR. If we consider the N → ∞ limit, we do find an exact Lee
form, namely ξ = d log ∆. In this limit, we can try to identify the dilaton by setting
e2ϕ = ∆. The precise form of ∆ depends on the charge assignments, and ∆ itself may
be subject to renormalization. However, this does provide an indication that the GLSM
solutions simplify in the large N limit, and begin to exhibit features expected in the IR
conformal field theories.
The simplest cases to consider are just extensions of those in section 4.1, with n + 1
chiral fields of charge +1, together with one chiral field Φ0 with charge −n− 1. Note that
the addition of a negatively charged field means that R is no longer positive definite. In
the UV, for R > 0 the resulting spaces will be fibrations of the local Calabi-Yau geometry
O(−n− 1)→ Pn over the σ-plane, with H-flux supported on a 2-cycle in the CY fiber and
along the arg(σ) direction (the Θ circle) in the base.
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Even for this class of solutions, writing down an explicit form for the induced metric
and flux is difficult since this requires knowledge of the function A(φ, φ¯, R) defined in (3.4).
Solving for A requires finding the roots of a degree n + 2 polynomial, which can only be
solved in closed form for n ≤ 2.
To better understand these models, first consider the simplest case possible: n = 0. We
expect the fibers to look like O(−1) → P0 which is nothing more than a copy of C. Take
Y = 2φ0φ1 as the gauge invariant coordinate for the fiber (the factor of 2 has been chosen
for later convenience). The total space has real dimension four. In the N → ∞ limit, the
induced target space fields have the simple form
ds2 =
|dY |2 + dR2 + dΘ2
4 (R2 + |Y |2)1/2
, (4.24)
e2ϕ = ∆ =
1
2 (R2 + |Y |2)1/2
, (4.25)
H =
1
2
dΘ ∧ dΩ2, (4.26)
where dΩ2 is the volume form of the S
2 embedded in (Y, Y¯ , R) space. The factor of 1
2
appearing in H is reassuring, since this guarantees that H/2pi is integrally quantized
1
2pi
∫
H =
1
4pi
∫
dΘ ∧ dΩ2 = 2piN = QP . (4.27)
Up to an overall factor of 2 in the metric, the fields (4.24)-(4.26) are precisely those for a
set of QP NS5-branes smeared over a transverse circle. It is natural to conjecture that this
configuration is the endpoint of the renormalization group flow, and that this result persists
even for finite values of N where we expect 1/N2 corrections stemming from (3.21). If we
pull out an overall factor of N from all the coordinates, and write R = Y3, then we expect
the sigma-model solution to be
ds2 = e2ϕ
(
d~Y · d~Y + dΘ2
)
, (4.28)
e2ϕ = 1 +
N
2|~Y | , (4.29)
H =
N
2
dΘ ∧ dΩ2. (4.30)
Notice once again that the constant FI parameters do not appear in the solutions; they
have been absorbed into the fields R and Θ. Note that the dilaton blows up at ~Y = 0
and we should not trust the string loop expansion, as usual for NS5-branes. Although the
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solutions we have found correspond to smeared NS5-branes, it would be interesting to see if
world-sheet instantons localize the solutions in the Θ direction in a manner similar to [24].
So the simple case n = 0 corresponds to smeared NS5-branes sitting at a point in R3, or
said differently, they are wrapping a P0 ⊂ R3. A natural guess for n > 0 is that the NS5-
branes wrap the Pn base of O(−n− 1)→ Pn, while the complex line bundle together with
the R direction form a transverse R3. These configurations probably cannot be realized in
string theory for n > 3, but the GLSMs are sensible nonetheless.11 A similar situation also
arose in [25].
Note the important difference between the n > 0 and the n = 0 cases (as well as the
models studied in [25]) because the size of the Pn varies with R; in particular, the Pn has
zero size at R = 0. For R ≤ 0, we should replace the non-linear sigma-model with a Cn/Zn
orbifold CFT. If N > 0, we expect large quantum corrections in the region R → −∞,
since that is where |σ| → 0. In a standard GLSM, these two descriptions would appear as
different “phases” of the same theory, but now they appear within the same geometry just
at different values of R. It would be nice to find more quantitative tests confirming that
these proposed NS5-brane configurations are the endpoints of the RG flows, perhaps along
the lines of [26].
4.4 Compact conformal models?
There are many ways to generalize the models of section 4.3. Take any standard GLSM
and include σ-dependent FI terms, while imposing
∑
iQ
a
i = 0 for each U(1). The result
should be a non-compact, non-Ka¨hler SU(n) structure background. Another fascinating
direction is to try to build compact models which mimic the usual hypersurface or complete
intersection construction. This means introducing a superpotential and studying the zero
locus. Without a superpotential, it is not possible to find conformal compact solutions
because there are no positivity arguments bounding |σ| in models with negatively charged
fields.
We will end by describing some difficulties one encounters trying to build compact
conformal models. It is useful to revisit the structure of superpotentials in (2, 2) models [6].
For a hypersurface in a space like O(−n− 1) → Pn, we consider a (2, 2) superpotential of
the form ∫
d2θ φ0W (φ), (4.31)
11Even n = 3 is subtle to interpret, since this corresponds to Euclidean NS5-branes wrapping a P3.
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where W is degree n + 1 in the charge +1 fields, while φ0 is the distinguished field with
charge −n− 1. In (0, 2) superspace, this corresponding superpotential has the form
SJ = − 1√
2
∫
d2xdθ+
(
Γ0 ·W (φ) + Γiφ0Ji(φ)
)
+ c.c., (4.32)
where Ji = ∂iW . Here Γ
0 is the (2, 2) left-moving partner of φ0. The advantage of start-
ing with the field content of a (2, 2) model is that anomaly cancelation is guaranteed to
work. Note that this is a highly non-generic superpotential! Otherwise, there would be no
interesting moduli space at all.
Let us try to generalize the compact non-conformal example of section 4.2. It is useful to
think about this model from the perspective of the two symmetricD-term constraints (4.15).
Without the σ-couplings, we would have made this a conformal model by introducing a
bifundamental field φ0 with charges (Q0, Q˜0) where:
Q0 = −
∑
i
Qi, Q˜0 = −
∑
i
Q˜i, Qi, Q˜i > 0. (4.33)
The real difficulty in finding an analogue of the complete intersection construction is writing
down a superpotential which satisfies transversality. We would like to find a W with charges
(−Q0,−Q˜0) under the two U(1) actions such that the only solution to the D-term conditions
and the constraints,
W = φ0Ji = 0, (4.34)
is φ0 = 0 and W = 0. This would be a possible compact conformal solution. There are
additional desirable conditions to impose on the choice of charges, described in many places
like [1]. For example, we might demand a U(1)L symmetry, but let us not worry about
those additional constraints at the moment.
A W with this charge assignment is necessarily constructed from summing monomials
of the form φnφ˜m. Any interesting example will have n > 1 or m > 1. Taking Ji = ∂iW ,
we see that there is a flat direction in the potential when either φ = 0 or φ˜ = 0. This
flat direction is usually lifted by the D-term constraints which, in the absence of the log
interactions, force some φi and some φ˜i to be non-vanishing. In our case, the σ-coupling
permits a solution to the D-term constraints (4.15) with either all φi = 0 or all φ˜i = 0.
We still have a non-compact direction where φ0 6= 0 for this attempt which does not
stray very far from the structure (4.32) appearing in (2, 2) models. For more general (0, 2)
models, there is a great deal of freedom to play with the structure of the superpotential and
the choice of left-moving fermions. Increasing the number of left-moving fermions, subject
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to the quadratic constraint imposed by anomaly cancelation, increases the number of Ji
constraints.
Even with this freedom, it is hard to lift the flat directions in the potential. Indeed, these
difficulties suggest that it might not be possible to find compact conformal solutions in this
class of classically gauge invariant models. If so, there should be an argument explaining
the existence of flat directions from space-time physics. At this stage, we hesitate to make a
stronger statement because there is a very large space of possible generalizations to explore.
Clearly, there is much to be uncovered.
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A Superspace and Superfield Conventions
A.1 Chiral and Fermi superfields
In this appendix, we summarize our notation and conventions. For a nice review of (0, 2)
theories, see [27]. Throughout our discussion, we will use the language of (0, 2) superspace
with coordinates (x+, x−, θ+, θ¯+). The world-sheet coordinates are defined by x± = 1
2
(x0 ±
x1) so the corresponding derivatives ∂± = ∂0± ∂1 satisfy ∂±x± = 1. We define the measure
for Grassman integration so that d2θ+ = dθ¯+dθ+ and
∫
d2θ+ θ+θ¯+ = 1. The (0, 2) super-
derivatives
D+ = ∂θ+ − iθ¯+∂+, D¯+ = −∂θ¯+ + iθ+∂+, (A.1)
satisfy the usual anti-commutation relations
{D+, D+} = {D¯+, D¯+} = 0, {D¯+, D+} = 2i∂+. (A.2)
In the absence of gauge fields, (0, 2) sigma models involve two sets of superfields: chiral
superfields annihilated by the D¯+ operator,
D¯+Φ
i = 0, (A.3)
and Fermi superfields Γα which satisfy,
D¯+Γ
α =
√
2Eα, (A.4)
where Eα is chiral: D¯+E
α = 0. These superfields have the following component expansions:
Φi = φi +
√
2θ+ψi+ − iθ+θ¯+∂+φi, (A.5)
Γα = γα +
√
2θ+Fα −
√
2θ¯+Eα − iθ+θ¯+∂+γα. (A.6)
If we omit superpotential couplings, the most general Lorentz invariant (0, 2) super-
symmetric action involving only chiral and Fermi superfields and their complex conjugates
takes the form,
L = −1
2
∫
d2θ+
[
i
2
Ki∂−Φi − i
2
Kı¯∂−Φ¯ı¯ + hαβ¯Γ¯
β¯Γα + hαβΓ
αΓβ + hα¯β¯Γ¯
α¯Γ¯β¯
]
. (A.7)
The one-forms Ki determine the metric; the functions hαβ and hαβ¯ determine the bundle
metric.
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A.2 Gauged linear sigma models
We now introduce gauge fields. For a general U(1)r abelian gauge theory, we require a pair
(0, 2) gauge superfields Aa and V a− for each abelian factor, a = 1, . . . , r. Let us restrict to
r = 1 for now. Under a super-gauge transformation, the vector superfields transform as
follows,
δA = i(Λ¯− Λ)/2, (A.8)
δV− = −∂−(Λ + Λ¯)/2, (A.9)
where the gauge parameter Λ is a chiral superfield: D¯+Λ = 0. In Wess-Zumino gauge, the
gauge superfields take the form
A = θ+θ¯+A+, (A.10)
V− = A− − 2iθ+λ¯− − 2iθ¯+λ− + 2θ+θ¯+D, (A.11)
where A± = A0 ± A1 are the components of the gauge field. We will denote the gauge
covariant derivatives by
D± = ∂± + iQA± (A.12)
when acting on a field of charge Q. This allows us to replace our usual superderivatives
D+, D¯+ with gauge covariant ones
D+ = ∂θ+ − iθ¯+D+ D¯+ = −∂θ¯+ + iθ+D+ (A.13)
which now satisfy the modified algebra
{D+,D+} = {D¯+, D¯+} = 0 {D¯+,D+} = 2iD+. (A.14)
We must also introduce the supersymmetric gauge covariant derivative,
∇− = ∂− + iQV−, (A.15)
which contains D− as its lowest component. The gauge invariant Fermi multiplet containing
the field strength is defined as follows,
Υ = [D¯+,∇−] = D¯+(∂−A+ iV−) = −2
(
λ− − iθ+(D − iF01)− iθ+θ¯+∂+λ−
)
. (A.16)
Kinetic terms for the gauge field are given by
L = 1
8e2
∫
d2θ+ Υ¯Υ =
1
e2
(
1
2
F 201 + iλ¯−∂+λ− +
1
2
D2
)
. (A.17)
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Since we are considering abelian gauge groups, we can also introduce an FI term with
complex coefficient t = ir + θ
2pi
:
t
4
∫
dθ+Υ
∣∣∣
θ¯+=0
+ c.c. = −rD + θ
2pi
F01. (A.18)
In order to charge our chiral fields under the gauge action, we should ensure that they
satisfy the covariant chiral constraint D¯+Φ = 0. Since D¯+ = e
QAD¯+e
−QA it follows that
eQAΦ0 is a chiral field of charge Q, where Φ0 is the neutral chiral field appearing in (A.5).
In components,
Φ = φ+
√
2ψ − iθ+θ¯+D+φ (A.19)
The standard kinetic terms for charged chirals in (0, 2) gauged linear sigma models (GLSMs)
are
L = −i
2
∫
d2θ+ Φ¯i∇−Φi, (A.20)
=
(
−∣∣Dµφi∣∣2 + ψ¯+iD−ψi+ −√2iQiφ¯iλ−ψi+ +√2iQiφiψ¯i+λ¯− +DQi∣∣φi∣∣2) .
Fermi superfields are treated similarly. We promote them to charged fields by defining
Γ = eQAΓ0 so that in components
Γ = γ +
√
2θ+F +
√
2θ¯+E − iθ+θ¯+D+γ. (A.21)
If we make the standard assumption that E is a holomorphic function of the Φi then the
kinetic terms for the Fermi fields are:
L = −1
2
∫
d2θ+ Γ¯αΓα, (A.22)
=
(
iγ¯αD+γα +
∣∣Fα∣∣2 − ∣∣Eα∣∣2 − γ¯α∂iEαψi+ − ψ¯i+∂ı¯E¯αγα) .
A.3 Superpotential couplings
We can introduce superpotential couplings,
SJ = − 1√
2
∫
d2xdθ+ Γ · J(Φ) + c.c., (A.23)
supersymmetric if E · J = 0, which give a total bosonic potential
V = |E|2 + |J |2. (A.24)
The action consisting of the terms (A.17), (A.18), (A.20), (A.22) and (A.23) comprises the
standard (0, 2) GLSM.
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B Proof that
[R(−)] = 0 ⇔ ∑iQai = 0
In section (3.1) we noted that the only obstruction to the triviality of R(−) in cohomology
is that ∂∂¯ log detGi¯ be a trivial class. This follows if the first Chern class of the fiber is
trivial. We would like to show that this condition corresponds to
∑
iQ
a
i = 0 for each U(1)
factor of the gauge group in the GLSM.
Recall that in projective coordinates, the fiber metric takes the form
Gi¯ = e
2QciA
c (
δi¯ − 2φ¯iφ¯Qai∆abQbje2Q
c
jA
c)
, (B.1)
with Aa defined implicitly via (3.4), and ∆ab is given in (3.10). In terms of these projective
coordinates, detGi¯ vanishes so we must work in a local patch using gauge invariant coor-
dinates. First we must generalize the local coordinates (3.5) suitably for higher rank gauge
groups.12 Each patch must now be labeled by a multi-index A ⊂ {1, 2, . . . , n} with |A| = r.
For α ∈ A we require that the r × r matrix Qaα be invertible. We then define the patch
U(A) =
{
φi ∈ Cn∣∣φα 6= 0,∀α ∈ A}. Within that patch, we can define the coordinates:
Zi(A) = φ
i
∏
α∈A
(φα)−(Q
−1)αaQai . (B.2)
The transformation properties on intersections U(A) ∩U(B) for the coordinates Z(A) and the
sections A(A) are easy enough to work out,
Zi(A) = Z
i
(B)
∏
α∈A
(
Zα(B)
)−(Q−1)βaQai , (B.3)
Aa(A) = A
a
(B) +
∑
α∈A
(Q−1)αa log
∣∣∣Zβ(A)∣∣∣ . (B.4)
A straightforward but somewhat involved calculation reveals that,
log detGi¯ = 2
(∑
i
Qai
)
Aa(A) + 2 log detQ
a
α + log det
(
2∆ab
)
. (B.5)
The functions ∆ab are globally defined, but as we see from the transformation properties
above, Aa is a non-trivial section of some line bundle La. The only way to ensure that
∂∂¯ log detGi¯ is trivial in cohomology is to impose
∑
iQ
a
i = 0 for each U(1) factor.
12We found a similar discussion in [3] useful for these definitions.
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C The trouble with S3 × S1
The SU(2)×U(1) WZW models are a well studied family of conformal field theories asso-
ciated with a compact non-Ka¨hler manifold. See, for example, [28–30]. The target space
is S3 × S1, which we can view as E → P1, where E is a torus constructed from the Hopf
fiber of S3 ∼= S1 → S2 together with the free circle. See, for example, [31]. The family of
conformal field theories is labeled by the amount of integer H-flux threading the S3.
Let (φ, θ) be coordinates on the Hopf fiber and the free circle, respectively, and let
z = φ + iθ be a complex combination parameterizing E. Note that z is not a complex
coordinate on S3×S1 because the complex structure operator maps dθ to dφ+A, where A
is the potential for the Ka¨hler form on P1: dA = JFS. In these coordinates, the fundamental
form for the space is given by
J = JFS + i(dz + A) ∧ (dz¯ + A). (C.1)
The H-flux threading the S3 takes the form
H =
1
2
(dz + A) ∧ JFS + c.c., (C.2)
where we have assumed one unit of flux. A non-linear sigma model with this target space is
a perfectly good CFT; however, this is not an admissible string background because there
is no well-defined dilaton. In particular, the Lee form
ξ + ξ¯ =
i
2
(dz¯ + A)− i
2
(dz + A) = dθ (C.3)
is not exact. Only when we replace S1 = R/Z by its cover R does θ becomes a globally
defined function. With this replacement, it make sense to identify θ ∼ 2ϕ.
This should be contrasted with all the models constructed in this paper. Despite the
non-trivial circle factors in our solutions, the Lee form found in the GLSM never has
components along those directions. This is evidence for the assertion that the IR fixed
points of these theories can be used to construct heterotic string backgrounds.
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